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Abstract 
 
With special physical structure and novel properties, single walled carbon nanotubes (SWCNTs) have attracted much attention in sci-

ence and engineering. In order to develop a direct link between continuum analysis and atomistic simulation to investigate the mechani-
cal properties of CNTs more effectively, an innovatory methodology to construct continuum model from the inner (inscribed surface) to 
the outer (covalent bond) is developed. Present study begins from studying Cauchy-Born rule. The differential geometry concept of in-
scription and the mean value theorem are adopted to modify the Cauchy-Born rule, and then this modified Cauchy-Born rule can build a 
hyper-elastic inscribed surface constitutive model. Resorting to using Tersoff-Brenner potential, the current theory to armchair CNTs is 
applied to evaluate the mechanical properties. The results are validated by the comparison with previously reported studies.  
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1. Introduction 

Since macroscopic amounts of multi-walled carbon nano-
tubes (MWCNTs) were synthesized [1], CNTs have attracted 
much attention in science and engineering, owing to their 
many unique and novel properties: low density, specific stiff-
ness, excellent electrical and thermal conductivities. In order 
to have a fundamental understanding of mechanical properties 
of CNTs and accommodate those excellent properties in me-
chanical applications, a series of experiments have been per-
formed [2-5]. At the same time, numerous theoretical and 
numerical ways have been proposed to understand and predict 
the mechanical properties of CNTs.  

Based on atomistic simulations such as molecular dynamics 
[6-8], tight-binding methods [9] and first-principle calcula-
tions [10, 11], a series of values of mechanical properties of 
CNTs are given and agreed qualitatively with experimental 
studies, but such methods quickly become computationally 
extremely demanding as the number of atoms increases. In 
other words, there exists a rigorous limitation in the atomistic 
simulation by its time and length scales. 

Based on classical continuum mechanics, a series of models 
such as cylindrical shell model [12], beam model [13] and 
structural mechanics [14] have been proposed. From a compu-
tational point of view, those continuum models are much more 

efficient, but the linkage between atomistic and continuum 
descriptions of material properties is still not well established. 

In order to develop a direct link between continuum analysis 
and atomistic simulation to investigate the mechanical proper-
ties of CNTs more effectively, the concept of atomistic con-
tinuum has been gradually developed. Tadmor et al. [15, 16] 
first proposed a quasi-continuum model to link atomistic 
simulation with continuum analysis for solid materials. Gao et 
al. [17] developed a virtual internal bond model to construct 
the constitutive model of solids from atomic level. Zhang et al. 
[18-20] incorporated the interatomic potential directly into a 
constitutive model based on the modified Cauchy-Born rule in 
application to CNTs. Jiang et al. [21] took the effect of tube 
radius into account based on the work of Zhang et al. [19]. 
Arroyo and Belytschko [22, 23] proposed the exponential 
Cauchy-Born rule by introducing the exponential map to ex-
tend the standard Cauchy-Born rule to describe the deforma-
tion of CNTs much more accurately. Guo et al. [24] studied 
the mechanical properties of CNTs by using the higher order 
terms of the deformation gradient. Lu et al. [25] proposed a 
type of modified Cauchy-Born rule to investigate the strain 
energy of armchair CNTs.  

The outline of present paper is as follows: Tersoff-Brenner 
interatomic potential for carbon is summarized and applied to 
hexagonal atomic structure to acquire an equilibrium bond 
length in Section 2. Cauchy-Born rule and its limitations are 
introduced in Section 3. Section 4 shows the modified 
Cauchy-Born rule is extended into inscribed surface. Section 5 
makes a discussion in detail about the nonlinear deformation 
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gradient in the process of deforming. Subsequently, in Section 
6 one hyper-elastic inscribed surface constitutive model is 
developed. With the use of the proposed constitutive model, 
the mechanical properties of armchair CNTs are also predicted. 
Finally, Section 7 gives discussions of results and some con-
cluding remarks. 

 
2. The interatomic potential for carbon 

Tersoff-Brenner interatomic potential for carbon [26, 27], 
which is widely used in the researches for CNTs, is introduced 
as follows: 

 
( ) ( ) ( )ij R ij ij A ijV r V r B V r= − .

 
 (1) 

 
In Eq. (1), i and j represent the respective carbon atoms at 

the ends of one covalent bond. rij is the distance between i and 
j. The repulsive interaction VR and attractive interaction VA 
between two carbon atoms are given by: 
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where the parameters De = 6.000eV, S =1.22, β =21nm-1 and re 
=0.1390 nm in Eq. (2) are determined from the known physi-
cal properties of carbon, graphite and diamond. The multi-
body coupling term Bij represents the coupling between the 
bond ij and the local environment of atom i, which is given 
by: 
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where δ = 0.50000, rik is the distance between atom i and its 
local environmental atom k and ijkθ  is the angle between the 
bond ij and ik ( ,k i j≠ , see Fig. 1). 

The smooth cutoff function fc both in Eq. (2) and Eq. (3), 
which restricts the pair potential to nearest neighbors with r1 
=0.17 nm and r2 =0.20 nm, is given by  
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The function ( )G θ  in Eq. (3) is given by 
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with a0 = 0.00020813, c0 =330 and d0 = 3.5. 

With this set of parameters, the potential function is applied 
into the hexagonal atomic structure as shown in Fig. 1. The 
equilibrium bond length can be determined by 

 
/ 0ijV r∂ ∂ = .

 
 (6) 

 
Eq. (6) gives the equilibrium bond length acc = 0.145068nm, 
which is in good agreement with that of graphite (0.144nm). 

 
3. The standard Cauchy-Born rule and its limitations 

Cauchy-Born rule [28] plays an important role in the atom-
istic continuum mechanics, which is the fundamental kinemat-
ics assumption that establishes a connection between the de-
formation of an atomic system and that of a continuum. It is 
widely accepted as the form of 

 
= ⋅a F A ,

 
 (7) 

 
where F  denotes a two-point deformation gradient tensor, 
A  and a  denote one lattice vector in the respective unde-
formed and deformed crystals. In the absence of diffusion, 
phase transition, slip, lattice defect and other non-
homogeneities, Eq. (7) is good at describing the deformation 
of bulk material. 

Noticeably, there are two limitations to solid materials in the 
application of the standard Cauchy-Born rule: one is that the 
solid material must be simple Bravais lattice, the other is that 
the material must be a type of bulk material, or equivalently, 
space-filling material. Unfortunately, neither of two limita-
tions is satisfied by the structure of CNTs. 

The deformation gradient F  only can describe the variation 
of infinitesimal material vector in its tangent space. For the 
vectors of a finite length in space-filling material, the body 
and its tangent vector are always undistinguishable, so it is 
allowed to use tangent space to describe material space. For 
curved crystalline films, especially for one-atom-thick layer, 
which is different from space-filling crystal, the tangent space 
of infinitesimal material vectors can not coincide with the 
finite length lattice vector. In other words, the deformation 
gradient F  maps the tangent spaces of the surface, but the 

 
Fig. 1. The carbon atoms i, j and k in the hexagonal atomic structure. 
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lattice vectors should be regarded as chords of the surface, so 
the deformation gradient F  can not give an accurate descrip-
tion of relationship between the undeformed and the deformed 
lattice vectors. This issue restricts the applications of the stan-
dard Cauchy-Born rule in the curved crystalline films, such as 
CNTs, especially for CNTs with large curvature. 

 
4. The modified Cauchy-Born rule based on the in-

scribed surface 

Due to the position of atoms, generally SWCNT is viewed 
as the cylindrical surface as the outer red surface as shown in 
Fig. 2. This surface, called as atomic surface, is denoted by C1. 
If the standard Cauchy-Born rule is applied to the atomic sur-
face C1, it means that the deformation of the bond BD is de-
scribed by tangent behavior along the direction of AK. So 
errors will be inevitably introduced. However, the chord BD is 
in coincidence with the tangent of the inscribed surface C2 at 
the point E; in other words, the bond BD is the tangent of the 
inscribed surface C2 at the point E. That is to say, the varia-
tions of the bonds (the chords of the atomic surface C1) can be 
investigated by the deformation gradient of the inscribed sur-
face C2 at each tangent point.  

How to link this inscribed surface to Cauchy-Born rule? 
From the continuum mechanics point of view, the linear trans-
formation between the two line segments is given by 

 
d d  =x F X ,

 
 (8) 

 
where dx  and dX  denote one infinitesimal line segment 
joining two material particles in the deformed and the unde-
formed configurations, respectively; F  is the deformation 
gradient tensor. Integrating Eq. (8) by taking the finite length 
of the lattice vectors a  and A  into account, Eq. (8) can be 
written as: 

 

 d d .=∫ ∫
x+a X+A

x X
x F X

 
 (9) 

 
The corresponding deformed lattice vector a  can be ex-

pressed as 
 

d .= ∫
X+A

X
a F X

 
 (10) 

If the deformation gradient tensor F  is smooth enough on 
the closed interval [X,X + A] , it is natural to introduce mean 
value theorem in calculus. To be brief, there exists a certain 
point α ∈X [X,X + A]  such that 

 
 .α=a F( X ) A

 
 (11) 

 
Comparing Eq. (11) with Eq. (7), the main difference is from 

deformation gradient tensor. For space-filling crystals, the 
body coincides with its tangent particularly well, so all the 
deformation gradients of every infinitesimal line segment on 
the interval [X,X + A]  are the same and can be used to ex-
press the deformation gradient of whole lattice vector A ; 
however, for curved crystalline films, every infinitesimal line 
segment on interval [X,X + A]  has its own deformation gra-
dient.  

Bravais multi-lattices as graphite sheet can be considered as 
a collections of interpenetrating simple Bravais lattices. So, 
the inner shift vector λ  between two sub-lattices should be 
taken into consideration since the inner shift can occur without 
disobeying Cauchy-Born rule [29]. Then, the bond vector can 
be expressed as: 

 
( , )  ( )α= ⋅ +a F X λ A λ .

 
 (12) 

 
The inner shift λ  can lead the deformation gradient to have 

a self-adjustment to make the structure reach the most stable 
state in any time of deforming. For explanations in detail, see 
Section 5.  

Now, inscribed surface introduced in the above can be com-
bined with the modified Cauchy-Born rule. Eq. (12) can be 
used in CNTs by their inscribed surface. In Eq. (12), A  and 
a  denote one lattice vector in the undeformed and the de-
formed crystals, respectively; ( , )αF X λ  denotes the deforma-
tion gradient of a tangent point on the inscribed surface. So the 
method of using the deformation gradient of the tangent point 
on inscribed surface to describe the lattice vector of a single 
layer crystalline film is developed. 

 
5. Nonlinear deformation gradient 

Firstly, a triangle in the graphite sheet as shown in Fig. 3 can 
be introduced as a representative cell I. All dashed lines in Fig. 
3 are symmetry axes, so any two adjacent representative cells 
possess axial symmetry. So both graphite sheet and CNT con-
sist of representative cells. 

Fig. 4 shows the process of rolling up a graphite sheet into 
an armchair CNT. A planar graphite sheet of equilibrium en-
ergy state is defined as the undeformed configuration. At this 
state, it is simple to find that inscribed surface coincides with 
atomic surface substantially. With the mapping of the rolling 
up graphite sheet into a hollow cylinder, atomic surface and 
inscribed surface of the graphite sheets have their own con-
figurations, respectively. As shown in Fig. 4, the outer one (in 
red color) is the deformed atomic surface, and the inner one 
(in gray color) is the deformed inscribed surface. Obviously, 

 
Fig. 2. The relationships between the atomic surface and inscribed 
surface of CNT structures. The inner configuration is inscribed surface,
and the outer configuration is atomic surface. 
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the two surfaces abide by two different mappings. 
Fig. 5 shows the cross section of an armchair CNT in the 

whole process of rolling up deformation. In the undeformed 
state, atomic surface coincides completely with inscribed sur-
face. The black width lines PQ and QR along the axis 2X  
denote the representative cell A and B, respectively. In the 
deformed state, three dashed lines from the outer to the inner 
(in red, black and blue colors) denote the configurations of 
atomic surface, C-C bonds and inscribed surface without con-
sidering the inner shift vector λ , respectively. Following the 
same logic, three solid lines from the outer to the inner show 
the configurations of atomic surface, C-C bonds and inscribed 
surface with incorporating the inner shift vector λ , respec-
tively. With considering the inner shift, obvious changes in C-
C bonds can be observed from the deformed part of Fig. 5. 
However, by comparing with the inner dashed curve (in-
scribed surface without considering the inner shift), the inner 
solid curve pqr (inscribed surface with considering the inner 
shift) has obvious changes in its shape, which becomes much 
flatter than before. From the view of energy, the curve with 
small curvature will be much steadier than with large curva-
ture, so it is not difficult to say that the inner shift let the de-
formation gradient itself have an adjustment to make energy 
surface become steady. This standpoint will be proved from 
theory as follows. 

The curve pq in Fig. 5, which is a cubic curve in the de-

formed coordinates ( 1 2 3, ,x x x ), can be determined by positions 
and tangents of two end points. Combined with the unde-
formed coordinates ( 1 2,X X ), the mapping of the inscribed 
surface pq can be expressed as: 
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where ( 1 2 3, ,x x x ) are the point coordinates in current configu-
ration, ( 1 2,X X ) are the point coordinates in the undeformed 
configuration. The coefficients a, b, c, d, e, which are func-
tions of nanotube chiral (n, m) and the inner shift λ ，can be 
determined from geometric relations. Then the deformation 
gradient can be obtained as: 
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Therefore, the deformation gradient for this rolling mapping 

not only has relationships with determination of the tangent 
point ,αX but also depends on the inner shift .λ The inner shift 
λ  is determined by minimizing the strain energy, so determi-
nation of the deformation gradient must be after step of mini-
mizing the strain energy. That is to say, when the deformation 
gradient is determined, the corresponding structure must have 
minimum strain energy already at that state. In other words, 
the deformation gradient will have a self-adjustment by inner 
shift λ  to help the structure in the steady state. Thus the inner 
shift λ  between two sub-lattices is absolutely important for 
deformation gradient of Bravais multi-lattices. It allows the 
deformation gradient to have self-adjustment so as to reach 
minimal energy at any time of the deforming process. 

 
6. The hyper-elastic inscribed surface constitutive 

model for armchair CNTs 

The area of representative cell I in Fig. 3 is 23 3 / 4cca . In 

 
 
Fig. 3. Representative cell corresponding to a carbon atom. 

 

 
Fig. 4. Illustration of rolling up a graphite sheet into an armchair CNT 
(2, 2). 

 

 
Fig. 5. The mapping of rolling up deformation for an armchair CNT. 
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order to avoid the choice of thickness, the area of surface is 
adopted to replace the volume of representative cell. The en-
ergy associated with a representative cell can be homogenized 
this energy over its representative inscribed surface IΩ  in the 
undeformed configuration leads to 

 
1 2 3[ , , ] [ ( ) ( ) ( )]/(2 )i i i IW V r V r V rα = + + ⋅ ΩF(X λ) λ .

 
 (15) 

 
By minimizing the strain energy of representative cell with 

respect to λ , the inner shift vector can be obtained by 
 

[  , , ]/ 0W α =∂ ∂ =λ λF( X λ) λ λ .
 

 (16) 

 
Then the first Piola-Kirchhoff stress tensor P  can be derived 
by 
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The modified tangent modulus tensors Q  can be expressed 

as 
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Depending on the present model, the energy per atom in 

both graphite sheet and armchair nanotube can be calculated. 
Energy per atom in the graphite sheet is -7.3756 eV, which is 
corresponding to the molecular dynamics simulation of Ro-
bertson et al. [6]. For SWCNTs, if the graphite sheet is taken 
as the ground state, the energy variations from this ground 
state to the nanotube state can be defined as the strain energy. 
The strain energy per atom in the armchair CNTs versus the 
tube’s diameter D can be expressed as shown in Fig. 6. This 
result is in a good agreement with a series of well known si-
mulation results by molecular dynamics [6], tight binding [9] 
and the exponential Cauchy-Born rule [23]. 

Based on Cartesian coordinates, Young’s modulus of arm-
chair CNTs can be estimated along the axial direction as the 
following expression: 

 
2

1111 1122 2222( ) /E h⋅ = −Q Q Q ,
 

 (19) 
 

where E is Young’s modulus and h is the thickness of carbon 
nanotubes. If the thickness of a graphite sheet is assumed as 
0.335 nm, Young’s modulus of graphite sheet by this study is 
0.703 TPa, which is in good agreement with that by Zhang et 
al. [19], the exponential Cauchy-Born rule [23] and the higher 
order Cauchy-Born rule [24]. Moreover, in order to avoid the 
choice of tube thickness, the normalized Young’s modulus is 

shown to describe the relationship between graphite sheet and 
armchair CNTs. The normalized Young’s modulus is Young’s 
modulus of nanotube is normalized by that of graphite sheet. 
The solid line in Fig. 7 shows the normalized Young’s 
modulus versus the nanotube diameter. Based on the same 
Tersoff-Brenner interatomic potential, the tight-binding simu-
lation results by Goze et al. [9] also are shown by solid circle 
symbols. It is observed that the results agree well with the 
tight binding simulation. 

Poisson’s ratio can be gotten as 
 

1122 1111/ν = Q Q .
 

 (20) 
 
The predicted Poisson’s ratio of graphite by the present ap-

proach is 0.4123, which is the same as the value given by 
Brenner [27] and the exponential Cauchy-Born rule [23] with 
using the same interatomic potential. Fig. 8 shows the results 
versus the tube diameter. 

 
7. Conclusions 

A methodology to construct continuum models for armchair 
CNTs has been developed in the present study. Compared 
with the atomic surface, it is reasonable and precise to adopt 
inscribed surface to describe the deformation of CNTs. A 

 
Fig. 6. The strain energy (relative to graphite sheet) per atom in arm-
chair CNTs versus the tube diameter. 
 

 
Fig. 7. Young’s Modulus of armchair CNTs normalized by that of 
graphite sheet versus tube diameter. 
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hyper-elastic inscribed surface constitutive model by introduc-
ing inscribed surface into modified Cauchy-Born rule is pro-
posed. Present study also shows that the inner shift between 
sub-lattices is absolutely important for deformation of Bravais 
multi-lattice such as armchair CNTs. It allows the deformation 
gradient to make self-adjustment so as to reach minimal en-
ergy at any time of the deforming process. Resorting to using 
Tersoff-Brenner potential, the present theory to armchair car-
bon nanotubes is applied to evaluate the mechanical properties. 
The results are validated by the comparison with previously 
reported studies. 
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